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A numerical solution of the two-dimensional Navier-Stokes equations is presented for the 
confined wake formed by the merging of two-plane Poiseuille flow streams. The system of finite- 
difference equations for the stream function and vorticity i s  solved by the Peaceman-Rachford 
elimination method for Reynolds numbers of 1, 50, 387, and 647. While the stability of the 
numerical method i s  not a probiem for this range of Reynolds numbers, the number of  points in 
the finite-difference network (and hence the computation time) does become burdensome. 

A t  high Reynolds numbers, the primary boundary-layer simplification i s  imposed to  yield a 
set of parabolic equations for the vorticity ond stream function. These equations are solved 
by a straightforward ”marching” technique, thus providing a solution with a minimum of com- 
putational effort. The “boundary-layer equations” presented in this paper are not subject to 
the order of magnitude analysis which leads to the neglect of one of the momentum equations 
in order to  obtain the Prandtl boundary-layer equations. The method outlined here represents 
an approximote solution for high Reynolds numbers, which gives surprisingly good agreement 
with the complete solution. 

Often the equations of motion must be solved for con- 
ditions which cannot be treated by standard analytic 
methods. In general this situation occurs when the Reyn- 
olds number is large enough so that creep flow analysis 
is not valid, yet small enough so that boundary-layer 
methods cannot be applied. Nonhomogeneous boundary 
conditions and free surface flows may also represent prob- 
lems which cannot be solved analytically. High Reynolds 
number flows, for which the boundary-layer assumptions 
may be valid, but for which no similarity transform exists 
(6, 7, 1 2 ) ,  represent an area where numerical methods 
must be used. 

Several approximate methods are available for solving 
the Navier-Stokes equations. The variational method re- 
cently proposed by Slattery (1 7) has been applied suc- 
cessfully to the problem of flow past a sphere ( 5 )  for 
Reynolds numbers up to 100. The Galerkin method (9, 
19, 20) has proved useful also in studying this same 
problem and others. These two methods have the ad- 
vantage that a functional representation of the flow field 
is obtained; however, the algebraic effort is immense. 
Numerical solutions of the equations of motion for flow 
past a cylinder have been obtained by means of relaxa- 
tion techniques (1) and by the “squares” method pro- 
posed by Thom (21 ), and have been discussed in detail 
by Thom and Apelt (22). The relaxation method has 
been used by Wang and Longwell (24)  to determine the 
flow field in the entrance region between parallel plates. 
Fromm and Harlow (29) have applied a technique re- 
sembling that described by Thom and Apelt to transient 
flows, and have successfully predicted the vortex shed- 
ding phenomena which occur in the wake of a flat plate 
placed perpendicular to the flow. Pearson (30) has com- 
mented extensively on the choice of numerical methods 
for solving the time-dependent problem, and concludes 
that relaxation types of iteration methods are satisfactory 
when the nonlinear terms are small, but that the Peace- 
man-Rachford (31 ) implicit alternating direction method 
is superior when the nonlinear terms are large. In this 
study the line-by-line matrix inversion suggested by 
Thomas (23)  and first applied by Peaceman et al. (15)  
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Fig. 1. Flow configuration. 

was successfully used to determine both the stream func- 
tion and vorticity for Reynolds numbers up to 647. 

Formulation of the Navier-Stokes equations in terms 
of the stream function and vorticity yields a stable system 
of finite-difference equations. The problem may also be 
formulated in terms of a single fourth-order equation for 
the stream function; however, previous experience ( 2 )  
with this form of the equations indicated that boundary 
conditions associated with the fourth-order equation pres- 
ent serious difficulties. Pearson (30) has compared the 
two approaches and found that an order of magnitude 
more computer time was required to solve the single 
equation than was required to solve the two second-order 
equations. 

DISCUSSION 

The flow configuration under consideration is illustrated 
in Figure 1. It  consists of two plane Poiseuille flow 
streams, separated by an infinitely thin plate, which 
merge at x = O to form a single plane Poiseuille flow 
stream at x + 00. For steady, two-dimensional, incompres- 
sible, isothermal flow of a Newtonian fluid, the equations 
of motion are 

u -  all + *-= au --- ..($+$) (1) 
ax dY P ax 
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av av 1 al.' azv 

ax ay p aY 
u- + 0- = - -- + v (- + e) (2)  

ax- ay- 

and the continuity equation is 

If the dimensionless stream function + and dimensionless 
vorticity are defined as 

where U = u/u, 
v = v iu ,  
X = x/h 
Y = y/h 

Equations ( l ) ,  ( 2 ) ,  and (3)  may be written as 

V'$ = 

where 
a2 a- 
f- ve = - 

N,, = urn h/v 
u,,, = centerline velocity at x = m 

a x J  ay- 

Since the flow is symmetric about y = 0, only the region, 
0 6 y 4 h, need be considered. The boundary conditions 
are 

au 

ti = v = 0; y = 1% 

B.C. 1 -- - 0 ;  x 4  k m (6) 

( 7 )  

B.C. 3 u = u = ~ ;  y = O ,  x ' O  ( 8 )  

ax 

B.C. 2 

The boundary conditions at x + zk m need to be con- 
sidered further. In general, one would be inclined to 
specify the parabolic velocity profile for x + * m; how- 
ever, a boundary condition should be based on physical 
considerations without the aid of the differential equa- 
tions. The use of the parabolic profile as a boundary con- 
dition is equivalent to imposing B.C. 1 on the continuity 
equation to determine that u = 0 for x + r+ 00, and then 
solving Equations (1)  and (2 )  for the velocity distribu- 
tion. While we often use the limiting solution of a dif- 
ferential equation as a boundary condition, it will be bene- 
ficial not to do so in this case. In terms of $ and n the 
boundary conditions become 

(11) 
a+ 
ay 

B.C. 2a $ = 2/3, - = 0; Y = 1 

a+ B.C. 3~ $I = - = 0; Y = 0, X 6 0 (12) aY 

B.C. 4a $ = =O; Y = 0, X > 0 (13) 
Of particular importance here is that neither nor 

derivatives of n are specified on the solid boundaries. For 
elliptic equations such as Equations (4) and ( 5 ) ,  it is 
well known that a unique solution is obtained only when 
the function or derivatives of the function normal to the 

boundary are known everywhere on the boundary. This is 
not the case for the vorticity equation; however, we are 
dealing with a set of coupled, partial differential equa- 
tions, and the usual conditions for uniqueness do not ap- 
ply. Before going into the details of the vorticity condi- 
tion of the solid boundaries and the treatment of the con- 
ditions at infinity, the method of solution will be described. 

NUMERICAL SOLUTION 

The finite-difference forms of Equations (4) and (5) 
are obtained by representing the first and second deriva- 
tives by the standard formulas 

With n and i as the running indices in the X and 1' di- 
rections, respectively, the finite-difference forms of the 
vorticity and stream function equations may be written 
for every interior point in the network illustrated in Fig- 
ure 2.  Equation (4) becomes 

where 

j+2 

j+l 

i 

Fig. 2. Finite-difference network, 
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The terms marked by a tilde (-) represent assumed val- 
ues based on a previous calculation. In this respect D,,,j 
and E,,,j are known quantities. Notice that and am-l,j 
appear in the term Dm,j as assumed values, yet they are 
also present as unknowns on the left-hand side of Equa- 
tion (14).  It would seem reasonable to include as many 
of the unknown terms as possible on the left-hand side 
of Equation (14); however, the computer program is 
considerably easier to write, and the computation time 
for each iteration is significantly shortened if these two 
terms are included in Dn,,. Of more importance is the fact 
that the iterative procedure appears to diverge ( 1 4 )  if 
the terms in question are included in the left-hand side 
of Equation (14). 

In essence, Equations (4)  and (5)  are arranged in the 
form 

rc 1 
1 c 1  

1 c 1  

I 

i 1 c,  
1 c 1  

1 c 11 

which, for any given iteration, take the form of ordinary, 
second-order, nonhomogeneous differential equations 
which are easily solved at each value of Y, = jAY and 
X, ,  = nAX, respectively. For any given problem, the 
choice of the form into which Equations (4)  and (5) 
should be cast depends on the boundary conditions and 
the whims of the investigator. Since the boundary values 
of had to be calculated at Y = 0, 1 for all X it was 
necessary to put the vorticity equation in the form of 
Equation (18).  The stream function equation was formu- 
lated as Equation (19) because it appeared intuitively 
that the iterative procedure would be more stable if the 
line-by-line matrix inversion of this equation were carried 
out in the direction perpendicular to the vorticity equa- 
tion. This approach is suggested by the success of the 
alternating direction method for solving the diffusion 
equation (28) ; however, in principle, the system of equa- 
tions could as easily be solved if the stream function 
equation were arranged in the form 

-= G ( X , Y )  
ax" 

Writing Equation (14) for each point on a line of con- 
stant i yields N - 2 equations, where N is the number of 
points in the X direction. If the slope is given on the 
boundaries [B.C. la, Equation ( lo)] ,  there will be 
N - 2 unknowns associated with the N - 2 equations, 
which may be arranged in matrix form 

where 

c = - 2  1 + -  ( 3 
Equation (21) may be more conveniently written as 

where [CJ is a tridiagonal matrix of coefficients and a, 
and Dj are column vectors. A similar set of matrix equa- 
tions may be written for the stream function 

[C'] +,, = En; 12 = 1,2, . . . .N - 1 (23) 

where 

c = - 2  ( 1 + -  ;;) 
The boundary conditions are incorporated into the matrix 
equations, and a solution results for a single interation 
when line-by-line matrix inversion is carried out for Equa- 
tions (22) and (23).  Thus 

a, = [CJ-'D,; j = 1,2,. , . . . J - 1 (24) 

(25) +" = [C]"E,; n = 1,2, . . . . N - 1 

The method of matrix inversion is straightforward and is 
described elsewhere ( 1  4,  1 5 ) .  

Since the values of Dn.j and Ern,, are based on assumed 
values of On,, and +n,j, the solution of Equations (22) and 
(23) must be repeated until the calculated and assumed 
values are essentially identical. The criterion for conver- 
gence must be intuitive rather than mathematical, for at 
the present time, there appears to be no theoretical cri- 
terion for determining the upper or lower bound for a 
sequence of calculated values unless the sequence is oscil- 
latory. An intuitive measure of convergence often is taken 
as the relative error for each iteration 

The question that must be answered if the relative error 
is to be used as a measure of conversence is: How is the 
relative error related to the absolute error? The latter is 
defined as 

where va,j is the value of the stream function for k + 00. 

This is not the true value of the stream function as de- 
termined by the differential equations and boundary con- 
ditions, nor is it the exact solution of the finite-difference 
equations. Providing the numerical method is stable and 
converging, +",,,j represents the solution of the finite-dif- 
ference equations subject to roundoff error. The point 
which must be kept in mind when considering the ques- 

tion of convergence is that small values of - +kn,j) 

do not guarantee small values of (+kn,, - q%,)), and the 
use of the relative error as a measure of convergence must 
fall under Birkhofs ( 3 )  classification of a plausible in- 
tuitive hypothesis. 

Since an intuitive criterion for convergence was neces- 
sary, it seemed appropriate to examine the velocity field 
to determine whether significant variations were taking 
place. It appears reasonable to assume that intuition is 
applied more soundly to the velocity field than the error 

N 

1,2, * . .J - 1 (21) - - 
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associated with successive iterations. An illustration of the 
progressive changes in the velocity for Reynolds numbers 
of 1 and 647 is shown in Figure 3, where it is seen that a 
converged solution is obtained in two hundred fifty itera- 
tions for NRe = 1 and one hundred fifty iterations for 

In examining Figure 3 one must keep in mind that the 
abscissa is logarithmic, thus the flat portions of the curves 
for NRe = 647 extend over nearly fifty iterations. While 
the curves for NRe = 1 vary more rapidly with k, the di- 
mensionless velocity at X = 1.0 and Y = 0.0 has reached 
a value of 0.98, which is within 2% of the maximum per- 
missible value for the dimensionless velocity. Further 
computation could have led only to meager changes in 

NEB = 647. 
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Fig. 3. Convergence of the velocity field. 

the velocity field. Before discussing the results, it will be 
necessary to examine the finite-difference form of the 
boundary conditions in some detail. 

BOUNDARY CONDITIONS 

Equations (4)  and (5)  constitute a set of coupled, el- 
liptic, partial differential equations. In general, a unique 
solution to an elliptic equation will exist if either the 
slope or the function is specified everywhere on the 
boundary. The stream function satisfies these conditions 
and, in addition, both the function and the slope are 
specified on the solid boundaries [B.C. 3a, Equation 
(12) 1. In this respect, $ would be overdetermined if fi 
were given. In contrast to the stream function, the vortic- 
ity or its slope is specified everywhere except on the solid 
boundaries. 

Previous investigators have made use of Equation (5)  
and the condition that + is a constant along a solid bound- 
ary to obtain the equation 

(28) a=- ”’ , at a solid boundary 
an2 

where n = distance measured normal to the boundary 
which is used to calculate the vorticity and thus obtain a 
boundary value for the vorticity equation. However, 
Equation (5) and the boundary condition $ equals a con- 
stant along a solid boundary, have been used to determine 
$ and cannot be used again to determine a. Application 
of Equation (28) leaves the problem unspecified. 

There appears to be two ways to treat the boundary 
conditions properly. The first requirement for + and fi is 
that they satisfy Equations (4) and (5) everywhere 
within the region under consideration, and on the bound- 
aries for this region. There is an infinity of solutions which 
satisfy this requirement; however, it can be shown (13)  
that a unique solution results for an elliptic equation when 
the function or its slope is specified everywhere on the 
boundary. Difficulty arises from the fact that the vorticity 
need only satisfy boundary conditions along some, not all, 
of the boundaries. However, there is another condition 
which fi must satisfy; that is n must be a function such 
that the solution to Equation ( 5 ) ,  which contains n as 
the nonhomogeneous part, will satisfy 

+ = constant, on the solid boundaries (29) 
and 

(30) -= ” 0, on the solid boundaries 
an 

It  is this latter condition which has not been satisfied by 
previous investigators, with the exception of Jenson (8). 
Jenson, in his study of flow past a sphere, fit the values 

of the stream function near the solid boundaries to a third- 
order polynomial subject to the restriction given by Equa- 
tion (30). In this manner he obtained values of n and $ 
which satisfied (approximately) the differential equations 
and all the boundary conditions. This appears to be a 
satisfactory technique and is used in the high Reynolds 
number solution; however, in this part of the analysis we 
chose simply to restrict ourselves to a method consistent 
with the condition that the equations must be satisfied 
everywhere within the region and on the boundaries. 
Thus when a boundary condition does not exist, one must 
solve the differential equation along the boundary. With 
this in mind we write Equation ( 2 2 )  as 

[C] fij = D,, j  = 0,1,2, . . . . . . . , J - l , J , X L O  (31) 

[C] nj = D,, j = 1,2,. . . . . . , J - 1, J ,  X > 0 (32) 

Along the solid boundaries 

(33) 

and Equation (4) becomes 

V’ fi = 0, on the solid boundaries (34) 
thus the matrix equations take a somewhat different form 
for j = 0,J .  In obtaining the finitedifference form of 

Equation (34), (g) was written with i = 1, J - 1 

as the central points, whereas ( g) was written for 

i = 0, J; thus the two derivatives did not have the same 
central point. Higher order finite-difference equations 

could have been used to approximate (g) a t Y  = 

0,l;  however, this was not done since higher order equa- 
tions often lead to instability (18 ) .  

The boundary conditions at X + -i: 00 obviously can- 
not be treated exactly with numerical methods. The con- 
ditions at  X + - 00 present no serious difficulty, since it 
is well established (11) that the disturbance caused by 
the merging of two streams does not propagate but one- or 
two-channel depths upstream from the point X = 0. In 
this work the parabolic profile was assumed to exist at 
X = - 2; thus the boundary conditions for $ and n were 
taken to be 

B.C. lb  $ = 4  --- ,O=4(1 -2Y) ;X: - -2  

(35) 
(: f )  

It would have been equally satisfactory to set the deriva- 
tives of $ and fi equal to zero as indicated by B.C. la; 

0.81 xm0,= PO 

‘b 2 4 6 8 10 12 14 16 I8 20 
X 

Fig. 4. Effect of downstream boundary condition on centerline 
velocity. 
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however, the use of the parabolic profile creates no dif- 
ficulty at this point. This will not be the case with the 
downstream boundary conditions. 

Presumably the parabolic profile could be specified at 
some distance far enough downstream so that it would 
become a satisfactory boundary condition. However, in 
practice, the computation time becomes excessive owing 
to the large number of points which must be used. This 
difficulty may be overcome by the use of a coordinate 
transformation of the type, 7 = X / (  1 + fix), which was 
used by Wang and Longwell ( 2 4 ) ,  or by the use of vari- 
able mesh size (25). Both methods allow the downstream 
boundary condition to be placed far downstream without 
the use of an excessive number of mesh points; however, 
these techniques make programming more tedious and 
increase the computation time for a fixed number of 
points. 

Because the equations of motion tend to be parabolic 
in nature when the Reynolds number is large, it appears 
that reasonable results may be obtained without the use 
of a coordinate transformation or a variable mesh size, 
unless one wishes definitely to determine the flow field far 
downstream. In this work, satisfactory results were ob- 
tained when the boundary conditions 

were imposed where the velocity profile was quite dif- 
ferent from parabolic. This fact is illustrated in Figures 4 
and 5. Figure 4 shows the calculated centerline velocity 
for N,. = 647 when the boundary conditions where im- 
posed at X,,, = 12, 16, and 20. These profiles are far 
from parabolic, as is seen in Figure 5, yet the velocity 
field is influenced only slightly as the position of the 
boundary is changed. There surely is some effect of the 
position of the downstream boundary condition, and if 
precise results are required, the coordinate transformation 
seems to be in order. However, the spread of the results 
is only lo%, and when limited computer time is avail- 
able the boundary condition expressed by Equation (36) 
seems to be quite suitable. 

The success of this approach may be explained as fol- 
lows. Strictly speaking, the equations of motion are el- 
liptic; however, at high Reynolds numbers derivatives 
with respect to X generally become negligible compared 
to derivatives with repect to Y, and the equations tend 
to become parabolic in nature. For truly parabolic equa- 
tions a unique solution is obtained only for an open 
boundary in the positive X direction. This is not the case 
for the problem under consideration; however, the bound- 
ary condition expressed by Equation (36) is a “weak” 
condition, while the parabolic profile expressed by Equa- 
tion (37) 

I 

w 
0.2 0 4  0.6 0 8  1.0 

Y 

fig. 5. Velocity profiles at downstream boundary. 

Y3 
3 ’  B.C. I d  $ = Y - -  n = - 2 Y  (37) 

represents a “strong” condition. As N,,  -+ co the equations 
of motion become more parabolic in nature, and the weak 
boundary condition plays an increasingly unimportant role 
in determining the solution. Thus it appears to be the 
most appropriate form of the downstream boundary con- 
dition for examining problems of this type. At low Reyn- 
olds numbers there is no difficulty in placing the boundary 
condition sufficiently far downstream, and identical results 
are obtained using either B.C. l c  or B.C. Id. 

DISCUSSION OF RESULTS 

The calculated velocity profiles for N,, = 1, 50, 387, 
and 647 are shown in Figures 6, 7, 8, and 9, respectively. 
For each Reynolds number, the number of iterations re- 
quired for convergence (as determined by the behavior 
of the velocity field) was determined. These results, along 
with the maximum value of a! are listed in Table 1. The 
iteration parameter CY is used to predict the next assumed 
value of the stream function and vorticity on the basis of 
Equation (38).  

( 3 8 )  

Values of 01 larger than the maximum value result in an 
unstable condition. 

The steadily decreasing value of CY with increasing 
Reynolds number is a clear indication that the system is 
less stable at the higher Reynolds numbers. Since the rate 
of convergence must go to zero as LY +- 0, it is surprising 
to see that the rate of convergence actually increases with 
Reynolds number. There may be two reasons why this is 
so. First, the criterion for convergence is rather qualita- 
tive and the results listed in Table 1 may be in error, al- 
though the curves shown in Figure 3 certainly indicate 
a more rapid rate of convergence at the higher Reynolds 
number. Second, the velocity profiles change markedly 
with Reynolds number and this may lead to differences in 
the rate of convergence. At low Reynolds numbers the 
velocity changes rapidly with X, thus large gradients of 
the vorticity and stream function are encountered and 
convergence is difficult. At high Reynolds numbers these 
large gradients are not present, and convergence is some- 
what easier even though the system of equations becomes 
more nonlinear. 

N N 

JIk+ln., = Q V”,, + (1  - 01) 

The mesh size ranged from 

AX = 0.25, AY = 0.05 

for low Reynolds numbers, to 

AX = 0.5, AY = 0.05 

r I I I I I 

Y 

fig. 6. Velocity profiles for N R ~  = 1 
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U 

Y 

Fig. 7. Velocity profiles for N R ~  = 50. 

for the high Reynolds number. Since only limited com- 
puter time was available the mesh size was not changed 
to determine the error inherent in the finite-difference 
form of the equations. Fortunately, an estimate of the 
error may be obtained by comparison with a boundary- 
layer solution, and by examining the error of the macro- 
scopic momentum balance. This will be discussed in the 
following section. 

HIGH REYNOLDS NUMBERS 

At high Reynolds numbers we might venture forth with 
the intuitive hypothesis that “variations of u in the x di- 
rection are small compared to variations of ti in the y 
direction.” This immediately leads to the inequalities 

au au 8% azu 
v<<u, -<<-  ax ay ’ -<<- ax’ ay2 (39) 

which we know are not valid at: 

(1) the region near 3t = 0 

( 2 )  the two points in the channel at which - = 0 

(3)  the inflection point where - = 0 

at4 

aY 
9% 

aY’ 
While the assumptions indicated by Equation (39) are 
not valid at these three regions in the flow field, they 
would certainly appear to be satisfactory for most of the 
flow field. In terms of the stream function and the vortic- 
ity, the inequalities reduce to 

Fig. 8. Velocity profiles for N R ~  = 387. 

Fig. 9. Velocity profiles for N R ~  = 647 

and Equations (4)  and (5) become 

It is of considerable importance to notice that Equ n t ’  lolls 
(41) and (42) may be obtained directly from Equiitions 
(43) ,  (44) ,  and (45) .  

au av - + - = o  ax ay 
(45) 

where 
p = -  P 

PUSnL 

by eliminating the dimensionless pressure P and using the 
definitions for I) and a, Equations (43) and (45) readily 
result from the standard boundary-layer order of magni- 
tude analysis (16) which indicates that 

d’V av azu d’U 
(46) << - - < < d Y ” x  ax2 aY’ 

When one makes use of these inequalities the equ a t’ ions 
of motion are reduced from elliDtic to parabolic equa- 

a+ 
and -) lazV 

that is, the terms - ax? ax2 tions. If “small causes 

lead to small effects” this change in the nature of the 
equations may be of little importance. However, the in- 
equality 

V < < U  (47) 
is just as valid as those given by Equation (46);  yet we 
cannot use this inequality to argue that all the terms in 
Equation (44) are negligible. This would lead us to the 
Prandtl boundary-layer equations which form an inde- 
terminant set of two equations [ (43) and (45) ]  and 
three unknowns ( U ,  V, and P ) .  In this case a small cause 
certainly does not lead to a small effect. Thus we find 
ourselves in the unenviable position of indulging in what 
might be called a “partial order of magnitude analysis.” 
However previous work has indicated success in such 
endeavors and we are encouraged to continue. 

To solve Equations (41) and (42) numerically, we 
first eliminate the Reynolds number as a parameter by 
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TABLE 1 .  EFFECT OF REYNOLDS NUMBER ON THE 
RATE OF CONVERGENCE 

Reynolds number 1 50 387 647 
Maximum 01 0.6 0.4 0.2 0.2 
Iterations required 

for convergence 250 250 200 150 

writing 

(48) 
dY' a~ ax ax ay 

where 
X = X,",. 

and write the finite-difference forms as indicated by 
Equations (49) and (50). 

The conditions at y=  0 are given by 

One need only assume values of $ and for x = axin 
order to obtain new calculated values of $I and n by 
means of Equations (49) and (50). The next set of as- 
sumed values is determined by means of Equation (38),  
and the calculation is repeated. When the difference be- 
tween the assumed values and the calculated values is 
negligible, a new step in the fi  direction is taken and the 
iterative process repeated. 

Values of AY were the same as those used in the previ- 
ous solution; however, AX was doubled for each step to 
reduce computation time. There was considerable diffi- 
culty in obtaining a converged solution for the first few 
steps. When x = = 0.00025 the iteration parameter 
(Y had to be less than 0.004, and four thousand iterations 
were required for convergence. However, the maximum 
value of Q could be rapidly increased as A T  became larger 
and only seven thousand iterations were required to ob- 
tain converged values for the nine values of used to 
describe the velocity field between x = 0.0 and = 
0.128. With this type of marching solution one is not able 
to observe the variations of the velocity field with succes- 
sive iterations. Therefore, we had to resort to the rela- 
tive error as a measure of convergence. This was done by 
setting successively smaller tolerances on the relative 

I I 
0.01 0.02 0.03 

R 
Fig. 10. Centerline velocity. 

error until the computed results were no longer depend- 
ent on the relative error required for convergence. 

The centerline velocities for the boundary-layer solu- 
tion and the complete solution are shown in Figure 10. 
Although it is not necessary that the solution of Equations 
(4 )  and (5)  become identical with the boundary-layer 
solution as N,, + co, one would expect that the boundary- 
layer solution would provide an upper bound for the set of 
increasing Reynolds numbers, but this is not the case for 
values of x greater than 0.001. The boundary-layer re- 
sults shown in Figure 10 were obtained for AY = 0.05 
and AX = 2*-' (0.00025), where i is the number of steps 
taken in the x direction. Additional results were obtained 
for (1) AY = 0.025 and A x  = 2"-' (0.00025), and (2) 
AY = 0.05 and A T  = 1 S - l  (0.000125) which showed no 
effect of mesh size on the computed results. 

The boundary conditions for the boundary-layer equa- 
tions are 

B.C. 4~ $ = a = 0, Y = 0 

a2n 
J, = 2/3, - 1 0, Y = 1 

(51) 

B.C. 2b (52) aye 

Imposition of the boundary condition for the vorticity at 
Y = 1 is not a straightforward operation, since all the 
terms in the differential equation tend to zero as Y + 1. 
An attempt was made to impose this condition by writing 

N N 

(53) nktl 
fb ,J  - 2n'a.J-l + a"n,,-s = 0 

If the solution converged, it would have to satisfy B.C. 2h, 

since convergence requires nk+l,,j = am,,; however, the 
iterative procedure did not converge when the boundary 
condition was formulated in this manner. Jenson's method 
( 4 ) ,  which makes use of Equation (42) subject to the 

restriction - = 0 at Y = 1, did work satisfactorily for 

this case. Churchill ( 4 )  also has indicated that direct 
numerical solution of the vorticity equation on solid 
boundaries leads to instability at high Reynolds numbers, 
and Jenson's method must be used. The reasonable agree- 
ment between the complete solution and the boundary- 
layer solution, both for the centerline velocities and the 
velocity profiles shown in Figure 11, indicates that either 
method of specifying the vorticity boundary condition is 
satisfactory. 

N 

a+ 
ay 

MACROSCOPIC MOMENTUM BALANCE 

For the boundary-layer solution and the higher Rey- 
nolds numbers for the complete solution, a macroscopic 
momentum balance can provide some indication of the 

P. 0128 -4 - 

x = 0.0 

I /  I I I I \\ I 
I I I I u 

0," 0.2 0.4 0.6 0.8 1.0 

Y 

Fig. 11. Velocity profiles for boundary-layer solution. 
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accuracy of the results. The momentum balance may be 
written as 

momentum flux 1 
- {pressure} in + (surface f 7, (54) - 

force force J 
momen tum J flux ]= S: vXaY 1 out 

momentum { fly: ]= 1 U"dY 

- 
f pressure )= -jx - ap d X  
1 force ax 

[ surface 1 

where 
- 

-=-s:(,+,)dY aP 1 a'u d'U 
ax N , ,  

Substitution of the appropriate terms into Equation (54) 
plus some simple algebraic manipulation yields 

Thus we see that the pressure and surface forces are iden- 
tical except for the double integral in Equation ( 5 5 ) .  The 
percentage error, shown in Figure 12 for the boundary- 
layer solution and N,.  = 647, is defined as 

Percentage error 

The results shown in Figure 12 indicate that the error in 
the macroscopic momentum balance is quite small, and 
cannot explain the unexpected results shown in Figure 10. 
In addition, the macroscopic material balance for these 
two cases shows negligible error. 

It seems quite reasonable that Equations (43) to (45) 
or the equivalent, Equations (41) and (42),  are capable 
of providing satisfactory results for high Reynolds num- 
ber. The numerical solution of these boundary-layer equa- 
tions should be accurate, since both the effect of mesh size 
and of convergence tolerance on the computed velocity 
profiles were carefully examined. Differences between the 
complete solution at high Reynolds numbers and the 
boundary-layer solution may result from one or all of the 
following causes. (1) The Reynolds number must be 
larger than 647 in order that the boundary-layer equa- 
tions become satisfactory. ( 2 )  Imposition of the down- 
stream boundary condition at some finite value of X may 
have caused more error than is indicated in Figure 4. 
(3)  The mesh size for the complete solution may not have 
been small enough. In any event, the differences between 

- 
X 

Fig. 12. Error for macroscopic momentum balance. 

the two solutions are not large, and both satisfy the macro- 
scopic momentum balance quite closely. 

CONCLUSIONS 

The methods presented for solving both the complete 
equations of motion and a set of boundary-layer equa- 
tions for incompressible, isothermal, Newtonian fluids ap- 
pear to provide a satisfactory route to investigate flows of 
this type over the entire range of Reynolds numbers for 
which steady flows can be expected. Application of these 
techniques to practical problems should be accompanied 
by a more thorough investigation of the error than was 
presented here. An examination of the effect of the mesh 
size and the location of boundary conditions should be 
carried out in every case. 

NOTATION 

h 
J+1 = number of points in the y direction for the finite- 

k = number of iterations 
N f l  = number of points in the x direction for the finite- 

= channel depth for x < o, cm. 

difference network 

difference network 
NRe = umh/v 

= fluid pressure, dyne/sq. cm. 
= p/pu,', dimensionless fluid pressure 
= scalar components of the velocity vector in the x 

g 
u,v 

and y directions, respectively, cm./sec. 
U,V = zc/uWL, B/u,*, dimensionless velocity components 
x,y = rectangular Cartesian coordinates, cm. 
X,Y = x /h ,  y/h, dimensionless coordinates 
X,,, = location of downstream boundary condition 

urn 

Greek Letters 
a = iteration parameter, dimensionless 
p = fluid density, g./cc. 
JI = dimensionless stream function 
a = dimensionless vorticity 

Subscripts 
i,n = points on the finite-difference network where 

o = function is evaluated at X = 0 
X = function is evaluated at X 

Superscripts 

i 
k = the value for the kth iteration - = an assumed value based on a previous calculation 

- 
X = X / N R ,  

= centerline velocity at x = co, cm./sec. 

X ,  = nAX and Y, = jAY 

= number of steps in the rdirection 
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Analysis and Design of Gas  Flow Reactors 

with Applications to Hydrocarbon Pyrolysis 
MICHAEL L. TROMBETTA and JOHN HAPPEL 

N e w  Yark University, N e w  York, N e w  York 

The analysis and design of gas flow reactors are customarily based on a plug flow model. 
Because of transverse concentration and temperature gradients, however, kinetic constants 
and reactor lengths based on the plug flow model may be i n  gross error. This paper presents 
an approximate method of analysis which accounts for the effects of  these gradients. W e  
examine a gas i n  laminar flow which supports a first-order irreversible reaction. Compressibility 
effects are considered, and the diffusion fluxes are calculated with the full ternary diffusion 
equations. Instead of solving exactly the fu l l  equations of change which describe this system, 
the well-known Pohlhousen technique is adapted and approximate solutions which satisfy the 
integral forms of these equations are sought. This reduces the problem to the solution of  a 
set of ordinary differential equations, which are integrated numerically. The main result is 
a set of graphs giving correction factors to  be applied to  plug flow kinetic constants and 
reactor lengths. Although primary interest is i n  hydrocarbon pyrolysis systems, the integral 
method graphs are applicable to  other reaction systems. 

Chemical engineers are often called upon to solve the 
two closely related problems: (1) Given conversion data 
obtained in a gas flow reactor, analyze the data to deter- 
mine reaction rate constant, (2)  Given reaction rate con- 
stants, design a gas flow reactor to obtain a specified con- 
version. W e  may call these, respectively, the analysis and 
design problems. 
- 

Hougen and Watson (1) presented solutions to these 
problems which were based on the assumption that the 
concentration profile was flat, the plug flow or one-dimen- 
sional model. Cleland and Wilhelm ( 2 )  considered the 
effect of a radial concentration gradient on a first-order 
reaction in an incompressible, isothermal fluid. The con- 
servation equation for the reactant was integrated nu- 
merically. Later, Lauwerier ( 3 )  solved this problem an- 

Michael L. Trombetta is with Shell Chemical Company, New York, alytically in terms of an infinite series of eigenfunctions. New York. 
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